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argmin R ( f)
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Optimize with gradient descent:

0,1 =0, —VF(,)

argmin X (h), JH Hilbert
heJ

Loss & gradient operator:

R:H — R, VR:H — H

Optimize with functional gradient descent:

ht+1 = h;y — nVﬂ?(ht)
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Problem: it’s really hard to compute functional gradients.

Running example: Solving a PDE

{L[u](a:) =0 x € ()
u(x) = f(x) x € 0N

where L is a differential operator; consider the risk functional
R(h):H*(Q) — LZ(Q)
hi= | LRI 22 ) + 17— flZ200)



Functional Gradients are Hard
Full gradients are hard: V.X(h) is the unique g € H*(€2) such that

S Dag(z) - DWDoy(z)dx = xz)L{v|(x)dx hiz) — f(x))v(zx) o(dx
;/QDWD (z)d LL[h]()L[]()d+LQ((>f())()()
for all v € H*(Q2).



Functional Gradients are Hard
Full gradients are hard: V.X(h) is the unique g € H*(€2) such that

s (j) xT) - (J)’Ux €Tr = ZT VINT X ) — €I) )\ de
;/QDWD (z)d LL[h]()L[]()d+LQ(h(>f()>()()
for all v € H*(Q).

But directional derivatives are easy:

R(h + v) — R(h)

DR(h;v) := (lsi_r>1(1) 5
d

0=0
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Grad. Descent with Directional Derivatives

Q: Can we use just directional derivatives for optimization?
A: In finite dimensions, yes: Random ‘Gradient-Free’ Optimization

To estimate VR (h), sample v, ...,v,; ~ P, and compute:

1 M
g = M Z Dje(h;vm>’vm

« E[v] =0andCovljv] =1 = E|[g] = VL(h).

However, this breaks in infinite dimensions:

« Variance blows up as d — 40
« There is no isotropic Gaussian N (0, ), nor analogous distributions

« Even if we change the distribution, E[|v|?] < 400 = Cov|[v] # I.
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Proposition. § is an unbiased estimator of a preconditioned gradient:
E[g] = CVX(h),
where C' : J{ — JH is a positive-definite diagonal operator determined by (A, A,, ...).
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Proposition. If A, = 1, then

E[lg)] > Y SRR S



Infinite Dim. Grad.-Free Descent

Proposition. § is an unbiased estimator of a preconditioned gradient:
E[g] = CVR(h),

where C' : J{ — JH is a positive-definite diagonal operator determined by (A, A,, ...).
So we take A\, = P[K > k:

Proposition. Take A\, = P[K > k| and M, = [k/c], for some ¢ > 0. We then have

E[lgle] < 2(1+ 2¢) [VR(R)|?,

i,
29

where |glc = |



Convergence

Theorem. If the risk is convex, has L-Lipschitz gradients and the minimizer h* is

reasonably regular, then for a sufficiently small learning rate o,

E|R(h)| — R(*) < |* = hy |2, - (% +a(l+ 2c)L2)

where £ is the averaged iterate ~ = (hy + -+ hy).



Convergence

Theorem. If the risk is convex, has L-Lipschitz gradients and the minimizer h* is
reasonably regular, then for a sufficiently small learning rate o,

E|R(h)| — R(*) < |* = hy |2, - (% +a(l+ 2c)L2)

where £ is the averaged iterate ~ = (hy + -+ hy).

Corollary. Choosing a = O( 1/v/N ), we get

B[ (1)) - =) < 0

2l
v



Example 1: Heat Equation

A simple heat equation:

u(0,x) = sinz z € (0,27)

Oyu(t,x) = Au(t, x) te (0,T),z € (0,27)
u(t,0) = u(t,27) =0 te (0,T)

t

Unique solution given by u(t,z) = e 'sinz
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Example 1: Heat Equation

Iteration #2 Iteration #8 Iteration #50 Iteration #200 Solution
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Example 2: HJB Equation in 5+1 dims.
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Conclusion

 Functional gradient descent is effective, but computing functional gradients is hard
» Our method allows for estimation of functional gradients with autodift

« Also in the paper: more general statements, some impossibility results,
approximation error of P, prebasis for Sobolev spaces, more examples, etc.

- Extensions: accelerated variants? proximal variants? variance reduction?

Caio Peixoto, Daniel Csillag, Bernardo Costa and Yuri Saporito. Random Gradient-Free Optimization in
Infinite Dimensional Spaces

See also: Daniel Csillag, Rodrigo Schuller, Pedro Dall’Antonia, Leonidas Guibas, Luiz Velho, Tiago
Novello. Functional Gradient Descent with Adaptive Representations
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Infinite Dim. Grad.-Free Descent
Key ingredients:
1. A prebasis for the Hilbert space: B = {b;, by, ...} such that
B is linearly independent and span(3B) is dense in K .

2. Tail probabilities ¢, := P[K > i].

To sample v| K:

1. Compute the Gram matrix [A K]i = (b, b;)

2. Find its Cholesky decomposition R R = Ag.

3. Sample weights w ~ N (0, Rg' T Ry ), where T} := diag(t, ..., tx ), and take

)
EK:wb

1=1
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